INTRODUCTION
Consider a classical mechanical system consisting of a finite number of particles, subject to conservative forces and rigid constraints. The state space of such a system is a symplectic manifold, X, and the dynamics of the system is given by a one-parameter group of canonical transformations ew 'HP, -co<t<co, where p: X+ R is the energy function of the system: i.e., if x E X, p(x) is the energy of the system in the state, x. A finite particle quantum mechanical system is described somewhat differently. The state space now consists of the rays in a Hilbert space, H, and the dynamics is given by a strongly continuous one-parameter unitary group exp itP, --oo<t<co whose infinitesimal generator, P, is the energy operator; i.e., the energy of the system in the statefE H is given by A finite particle physical system usually has both a "classical" description which provides one with information about its macroscopic behavior (A small) and a "quantum" description which provides one with information about its microscopic behavior (A = 1). Since the classical description is often easier to come by, this means in practice that one tries to construct the pair (H, P), in some intrinsic way, from the pair (X,p). There certain ground rules for doing this. For instance suppose that the sets p < A are all compact. Then one would like the spectrum of P to be discrete, the number, N(l), of eigenvalues less than 1 to be finite and N(A) -volume (p < 1) (1.1)
for ?, large, since the right hand side is a measure of the number of classical states with energy less than ,4 and the left hand side a measure of the number of quantum states less than A. Suppose now that instead of being given a single classical observable, p, we are given a finite collection of classical observables p, ,...,p, whose Poisson brackets satisfy (1.2) the cps being constants. Quantum mechanically this corresponds to a finite collection of quantum observables, P, ,..., P,, whose operator brackets satisfy [Pi, PJ =x c;p,.
(1.3)
Suppose that (X,p, ,..., p,) and {Z-Z, P, ,..., P,} are classical and quantum descriptions of the same physical system. Suppose we replace N(1) by a function which in some appropriate way counts the dimensions of the invariant subspaces of H. Is there an analogue of (1. l)? We will propose below such an analogue and then devote the rest of this article to establishing its validity in a spatial case. Before we start, it will be useful to interpret the data above in more invariant, group-theoretic language. Let 9 be the Lie algebra with structure constants {c",} and let .P be the Poisson algebra (C" functions on X equipped with the Poisson bracket operation). Then (1.2) can be interpreted as a morphism of Lie algebras s:f -t.Y. (1.4) Let G be a Lie group with 9 as its Lie algebra. An action of G on X is called a Hamiltonian action if for all r E 9 exp t< = exp tHp, where p = r(c). Given such an action then for each state, x, of the system one can define its "momentum," Q(x), as an element of the dual space, 9*, of 9 by the formula (@P(x), r> = r(W), VlE9.
The resulting map @: X + 9 * is' called the moment mapping. In coordinates it is just the mapping above, (p,,...,p,J: X-, R"'. The advantage of describing it abstractly, as we have just done, is that it is easy to check that it intertwines the action of G on X with the co-adjoint action of G on 9*. Identity (1.3) describes a representation of 9 on H. Suppose there corresponds to it a unitary representation p: G -+ U(H).
Given an irreducible representation, p, of G, let N(U) be the multiplicity with which ,U occurs in H. The analogue of (1.1) would be an exact (or asymptotic) formula for N(D) in terms of symplectic invariants of X. We will first propose such a formula for the case G = S'. In this case the irreducible representations are indexed by prz, n E Z. The Lie algebra of S' and its dual can both be identified with \/--rlF;', so the moment map is a mapping Let us assume that @ is proper and that the lattice points of flR are regular values of @. Then d@ # 0 on the set z, = a-Q/x), so this set is a compact manifold on which S' acts in a locally free fashion. We will simplify our situation somewhat by assuming that S' acts freely on Z,. Then x, = z,/s' is a compact manifold. We will see shortly that it has a canonical symplectic structure. Our conjecture will express the multiplicity, N,, with which the representation, firz, occurs in H in terms of topological invariants of X,. To describe these invariants, we need review some standard facts about the topology of symplectic manifolds: Every compact symplectic manifold, X, possesses an almost-complex structure, a. Moreover, a is unique up to topological equivalence. (See Steenrod [8, p. as a function of w, ,..., w", where wi is the ith symmetric polynomial in x, ,...) x, . Substituting ci for wi in this expression one gets a cohomology class, r E H*(X, Q). This is by definition the Todd class of X. Now let [w ] be the cohomology class of the symplectic form of X. The characteristic number rerwl(X)
is called the Riemann-Roth number of X. Coming back to our multiplicity conjecture, we conjecture that N, = the Riemann-Roth number of X, (l-5)
for all but finitely many n's. This conjecture has been proved in a number of interesting cases by Boutet de Monvel and one of the authors. (See Section 3 below.) Next, let G be an arbitrary compact Lie group. By the Borel-WeillKostant theorem there is a one-one correspondence between the irreducible representations of G and the integral co-adjoint orbits in g*. (For instance, for G = S' this is the correspondence, which we already alluded to, between irreducible representations and lattice points in &iIR.)
Given an integral co-adjoint orbit, 0, let X0 be the corresponding reduced space. (See Section 2 below. For instance if G = S' and 0 = &in, X0 is the space X, defined above.) Modulo some assumptions about the moment mapping, X0 is a compact symplectic manifold. We conjecture that for "generic" O's N, = the Riemann-Roth number of X0, (1.6) N, being the multiplicity with which the irreducible representations of G corresponding to 0 occurs in H. We proved this conjecture for compact Kaehler manifolds in ] 111, and will prove it for another class of examples below (and in doing so generalize the result, for G = S', referred to above). It is easy to see that for orbits situated far away from the origin 5e'01(Xo) -e'"l(X,) = volume (X0), so (1.6) implies the asymptotic relation N, -volume (X0).
(1.7)
For G = S' this formula is essentially (1.1).
A few words about the organization of the paper: In Section 2 we define the space, X0, and other reduced spaces which we will need later on. This material is mostly a review of material from an earlier article of ours, [ 12 ] . In Section 3 we formulate our main result. In Section 4 we review some symplectic technology needed for the proof (again mostly taken from [ 121.) In Section 5 we prove a rudimentary form of (1.6) and in Section 6 we prove ( 1.6) for "ladder representations." Finally in Section 7 we prove our main theorem.
REDUCTION
Let G be a connected Lie group, 9 its Lie algebra, f an element of g*, 0 the orbit of G through f, G, the stabilizer group off and yf its Lie algebra. If (~9 and vEy,then at t=O since (exp tr)*f=J This shows that q is in the conormal space to 0 at f: Since dim 0 = dim 9 -dim ar, it follows that ff is the conormal space to 0 at J Now let 0 be a G-invariant submanifold of 9 *, let fE 0 and let Af be the conormal space to 0 at f: It follows from what we have just shown that Aft yr and it is clear that Af is G, invariant; so [g,, ~$1 c 44 i.e., A,I is an ideal in the Lie algebra Ye.
Let X be a symplectic manifold on which the group G acts in a Hamiltonian fashion, and let cD:x-+a* be the associated moment mapping. By differentiating @ at x E X we get a linear mapping do,: TX-+ y*.
On the other hand there is a mapping it is easy to see that the only closed submanifolds of g* which are G-invariant and proper are co-adjoint orbits and the manifolds discussed in Example 4 below. a finite subgroup of H,, so the space of leaves of the null-foliation is a Hausdorff V-manifold in the sense of Satake;' i.e. there exists a V-manifold, x",, and a smooth fiber mapping such that the fibers f rc are the leaves of the null-foliation. This implies that there exists also a symplectic form, o@, on Fe such that 1*co = n*oo, (2.7)
1 being the inclusion map of Z into X. Furthermore there is a natural action of G on Po. It is easy to see that this action is Hamiltonian, and that its moment mapping @,: A$ -+ y* is related to the original moment mapping by the identity @e 071=@01. [19] .) EXAMPLE 3. Let 0 be a co-adjoint orbit. Then O-= (fE y*, -fE 0) is also a co-adjoint orbit; so by Kostant's theorem it is a symplectic manifold, and G acts on it in a Hamiltonian fashion. Hence G acts on the product manifold, O-XX, in a Hamiltonian fashion. If we reduce with respect to the zero orbit in g* we get a symplectic V-manifold, X0, which is called the Marsden-Weinstein reduction of X with respect to 0. For its relation to the reduced space in Example 2 see below. ' For the theory of V-manifolds, see [22] . If, for all x, the group H,(x) in (2.6) is the trivial group, e is an ordinary manifold. EXAMPLE 4. Let 0 be a co-adjoint orbit and let C(0) = (if, r E R+,fE 0).
We will call C(0) the cone ouer 0. The reduction of X with respect to C(0) will play an important role in our study of "ladder" representations in Section 6. If 0 = C(O), 0 is called nilpotent. Such orbits cannot occur if G is compact (because then f* possesses a positive-definite G-invariant inner product). IffE 0 then kff= {r E ff, (f, r> = 01. Remark. For compact groups the converse is true. We leave the proof of this fact as an exercise for the reader. Now let 0 be an integral orbit, let 0 = C(O), let X# = x"o and let be the moment mapping, @o. Notice that Y(P) c C(0). Let ( , ) be a Ginvariant inner product on b* normalized so that llfll = 1 for allfE 0, and let p be the function (( Iy(I. In Section 6 we will need the following. Proof. We will first of all show that there is a natural candidate for this flow, i.e., natural S' action on .Y#. If fE 0 then from (2.11) one gets an isomorphism Gf/H,+ S'. If f' lies on the ray through f then GY = G, and Hfc = H,, so G,,/H,< 2.5';
i.e., for all fE C(0) there is a canonical isomorphism xf: G,fH,+ S'. is the intrinsic action of G on A'#. We leave for the reader to check that (2.13) defines an action of S' on x#. To prove that this is identical with the Hamiltonian action given by HP we need the following lemma. Proof: First we will show that if 7 and jr1 are the restrictions of y and y, to 0, dj7 = dy', = 0 at J We recall (see [20] ) that the moment mapping associated with the Hamiltonian action of G on 0 is just the inclusion mapping, 0 -+ 3 *, so, by (2.1) and (2.4) (" Ao,,=dF1, p being the vector field on 0 corresponding to {. Since r E yf,, <#= 0 at f,, so dy', = 0 at f,. Since y is G-invariant, y' is constant, so dy'= 0 at f,, proving our claim. Now y(f,) = y,(fJ = 1 and both y and y1 are homogeneous of degree one, so y = yi on the ray {tfo, t E R+ }. Thus dr = dy, at f, as claimed.
Q.E.D.
Let E be the infinitesimal generator of the circle group action defined by (2.13). If y,, E X@ and f. = ul( y,) then at y, where r is any element of yr, satisfying (f,, <) = llfOjl, and K is as in (2.2) and (2.14). Therefore, by (2.2) and (2.4) at y,, w being the symplectic form on A? But dy = dy, at f, and y 0 Y = p, so Z J o = dp; i.e., 9 = Hp. Q.E.D.
By Proposition 2.3 we get a Hamiltonian action of G X S' on A?, the moment mapping for the S'-action being the map flp:
F -+ \r-iR. We leave for the reader to check the following PROPOSITION 2.5. If one reduces xff with respect to the Hamiltonian action of S' at the point, flc E flR, one gets the reduced space, co of Example 2, where co = {cf,fE 0).
To conclude this section we will describe how the reduced spaces, e of Example 2 and X0 of Example 3 are related: PROPOSITION 2.6. As a symplectic manifold, e is the product manifold x",=x,x0 (2.15) and the action of G is the product action, G acting trivially on Xo and by its co-adjoint action on 0.
Proof See [ 191.
HOMOGENEOUS QUANTIZATION
Let B be a compact manifold, and let (X, n) be a principal bundle over B with structure group R+. We will call X a cone with base B. Given such a cone and given a E R +, let pa: X --f X be the diffeomorphism of X associated with a. Suppose X is also equipped with a symplectic form, w. We will call X a symplectic cone if for every a E Ri p,*w = aw.
(3.1)
Two important examples of symplectic cones are the following:
1. Let M be a compact manifold and let X be the punctured cotangent bundle, T*M -0.
2. Let B be the boundary of a compact strictly pseudoconvex domain. Given a point, x E B, let C, be the subspace of T:B defined by for all holomorphic vectors, u, tangent to B at x. Z:, is one-dimensional, and the "inward-pointing" orientation of B provides it with a natural orientation, so c,=c:u{o}u(-c:), C: being the positively-oriented component of Zx -{O}. Let rc: X-+ B be the cone over B whose fiber at x is Z:. The definition of X provides us with an imbedding
If w is the standard symplectic form on T*B -0, I*W is a symplectic form on X satisfying (3.1). Now let X be a symplectic cone and G a Lie group. We will show that an action of G on X which preserves both the symplectic structure and the conic structure is Hamiltonian. Indeed there exists a unique vector field S on X such that exptE=PPs, s = I?'. Let 01= 3 _I w. For each r E 9 let cx be the vector field corresponding to it. It is easy to check that the map r E 9 -+ 41 = (a, r"> (3.4) gives the required imbedding (1.4). Note that Qr is homogeneous of degree one in R+, so the moment map akx-+g* (3.5) defined by (3.4) is homogeneous. This is a fact which we will make considerable use of below. Boutet de Monvel and one of the authors developed a "quantum theory" of symplectic cones in the monograph [3] . We will describe some of the highlights of this theory:
A. Suppose one is given a symplectic cone, X, a compact Lie group, G, and an action of G on X preserving both the symplectic structure and the conic structure. One can manufacture out of this data a Hilbert space, H, and a unitary representation, p, of G on H. The construction of H and p is rather complicated in general, but is fairly easy to describe for the two examples of symplectic cones mentioned above. starting with an action, K, of G on X which preserves both the conic and symplectic structures, one can construct from rc a large family of pairs, (H,p), all of which are equally eligible, from the micro-local point of view, to be the "quantization" of K. We will call any such pair an admissible representation. If G is semi-simple one can prove that any two admissible representations are equivalent in the following sense. DEFINITION 
(H, p) -(H'
, p') u there exists a closed, finite codimension, G-invariant subspace, Hi, of H, and a similar subspace, Hi, of H' such that p 1 H, is unitarily equivalent to p' 1 Hi.
In particular, if G is semi-simple and ,U is an irreducible representation of G, then, except for a finite number of p's, the multiplicity, N(U), with which ,U occurs in the admissible representation (H, p) is the same for all (H, p). Therefore, it makes sense to look for a dimension function, N,, on the unitary dual, G, of G such that for every admissible representation (H,p)
for all but finitely many ,U E 6.
C. If G is not semi-simple there can be many inequivalent admissible representations. For example, let G = S' and let (H, p) be an admissible representation. One can manufacture a family (H("', p'"') (3.8)
of representations as follows. For each integer, k, let H, = (fE H, p(e")f= eikef }.
Now define a new representation p("' on H = H("' by setting on Hk. It turns out that each of these representations is admissible, and usually these representations will not be equivalent in the sense of Definition 3.1. The following, however, was proved in [3] . A companion theorem to this was also proved in [3] . If G is semi-simple, our candidate for a dimension function satisfying (3.7) is function (1.6). Unfortunately (1.6) does not even make sense if the reduced space X0 cannot be defined (for instance, if the moment mapping is not transversal to 0). We will show, however, that (1.6) is the correct dimension function for a large number of representations. To state a precise result we must first recall some properties of the moment mapping: Let X be an arbitrary symplectic cone, G a compact semi-simple Lie group, K: G x X+ X an action of G on X preserving the conic and symplectic structures and @: X+ I* the moment map. As we pointed out above, @ is homogeneous; it intertwines the R '-action on X and the linear R '-action on 2*. Since the base of X is compact, it follows that @ is proper except perhaps at the origin. It also follows that the set, C, of critical values of @ is a conic subset of 9 *. To describe C, we recall that by Weyl's theorem every co-adjoint orbit intersects the positive Weyl chamber, t$, in one and exactly one point, so to describe C it is enough to describe its intersection with r,*. For the following see [IO] . THEOREM 
Cn t ,* is a polyhedral cone.
For instance if rank G = 2, Cn t 2 looks like the slanted lines in the figure below:
In particular, Int(t ,* -C) consists of a finite number of open connected wedges: W, ,..., W,. We will call these wedges the fundamental wedges associated with the action of G on X. They correspond to the topologically distinct types of reduced spaces. In fact: (see [19] ). Iffandf' 1 ie in the same connected component of Int t+* -C, then, by the "isotopy theorem," (see [I] ) Y and Y' are isomorphic as T manifolds, so X0 g X0, as V-manifolds.
Remark. Some unpublished results of Cushman and Heckman indicate that the topological type of X0 changes dramatically as f goes from one fundamental wedge to another.
Iff and f' both belong to the same fundamental wedge, T acts freely on Y if and only if it acts freely on Y'. If a fundamental wedge has this property we will call it an elementary fundamental wedge. If f belongs to an elementary fundamental wedge, the reduced space, X0 is, by (3.9), a (nonsingular) manifold.
By the Borel-Weil-Kostant theorem, there is a one-one correspondence between the points of G and the integral co-adjoint orbits in g*. Each orbit intersects t +* in a lattice point, so G can be identified with the lattice points in t :. The main theorem of this paper is the following. THEOREM 3.6. Let (H,p) be an admissible representation of G. Let W be an elementary fundamental wedge and let V be a closed conic subset of t ,* -0 contained in W. Then for all but a finite number of lattice points in V, the multiplicity, N(u), with which ,u occurs in (H, p) is given by (1.6), 0 being the orbit through p.
To avoid introducing too much micro-local machinery we will only prove this theorem when X = T*M -0, H = L*(M) and p: G -+ UF(M) is a representation of G on L*(M) by unitary Fourier integral operators. The two main steps in the proof are the following:
Step 1. (See Section 5.) We will first prove a general result which says that the multiplicities, N(U), for ,U E V are given by a polynomial function of p for p sufficiently large.
Step 2. (See Section 6.) We will show how to reduce the computation of the multiplicites along a ray {k,u, k = 1, 2,...} to a computation which only involves the group, S'. This step is closely connected with the theory of "ladder representations" which is an interesting subject in its own right.
The same symplectic ideas come into both steps of this proof. We will discuss these ideas in Section 4.
THE MOMENT LAGRANGIAN
In this section we will review a number of facts about group actions on symplectic manifolds. For brevity we will mostly omit proofs. A more detailed discussion of the material below can be found in [ 121 or [27] . A notational convention which we will use frequently in this section is the following: If X is a symplectic manifold and o its symplectic form we will denote by X-the symplectic manifold, X, with symplectic form, ---cc).
Now is a canonical relation in T*G X (X X X-).
Let L*(M) be the Hilbert space of half-densities on M. From the action of G on A4 one gets a unitary representation, p, of G on L'(M). We will prove the following result as motivation for a much more sophisticated result which we will describe (but not prove) in Section 5. is a canonical relation in T*G x (XX X-).
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Proof: See [26, p. 211. We leave for the reader to check that (4.2) is a special case of (4.4). We will call (4.4) the moment Lagrungian.
The moment Lagrangian is closely related to another symplectic object which we will now define. Let 0 be a proper G-invariant submanifold of f*, and let 43 = {(g,f>,f~ @g E HfJ.
By means of (4.3), /i, can be identified with a subset of T*G. Two special cases of (4.5) will be important for us. If 0 is a co-adjoint orbit, 0, then
where Gf is the stabilizer group of$ The homogeneous variant of this is For instance this is the case if 0 is a single co-adjoint orbit. Now let X be a symplectic manifold and 2 a co-isotropic submanifold of X. We will declare two points, zl and z2, of Z to be equivalent (z, -z2) if they lie on the same leaf of the null-foliation. The set {(z, 3 z2) E z x z z1 -z2) (4.10)
is an immersed Lagrangian submanifold of XxX-.
(See [27, Sect. 31.) Suppose, in addition, that the null-foliation is flbrating; i.e., suppose there exists a Hausdorff manifold, X, and a fiber mapping R: Z -+X# such that the fibers of 71 are the leaves of the null-foliation. Then (4.10) is the fiber product z x, z = {(z,, q) E z x z, 7r(Zi) = n(z,)} (4.11) and is, in particular a closed, imbedded Lagrangian relation in X x X.
We will relate this construction to the reducing construction described in Theorem 2.1. Let K: G x X-+ X be a Hamiltonian action of G on X, and let @:X -+ 9 * be its moment map. Let 0 be a proper G-invariant submanifold of f*. Suppose that 0 and CD intersect transversally and suppose in addition that for each x E X, with f = @J(X) E 0, H, acts freely at x. Then by Proposition 2.1 the set z= (XEX, @(x)E 0) is a co-isotropic submanifold of X, the null-foliation is fibrating and x# is, by definition, the reduced space corresponding to 0. Let r be the moment Lagrangian and r' its transpose. The two examples of proper submanifolds of g* which we will be interested in below are co-adjoint orbits and cones over integral co-adjoint orbits. Co-adjoint orbits are themselves symplectic manifolds. We will show that cones over integral co-adjoint orbits are very close to being symplectic manifolds: By definition, Y is a submanifold of T*B -0. It is easy to see that the restriction of the symplectic form on T*B to Y defines a symplectic structure on Y. We leave for the reader to check that Y has the other properties required of it.
REPRESENTATIONS BY FOURIER INTEGRAL OPERATORS
Let A4 be a compact manifold and G a compact semi-simple Lie group. Let X = T*M -0 and let G x X -+ X be an action of G on X preserving both the symplectic and conic structure. As we pointed out in Section 3, this action is automatically Hamiltonian and the moment map associated with it, is homogeneous. We will assume that Q(x) it 0 for all x E X.
This condition coupled with the homogeneity implies that @ is proper. Let %Y be the group of homogeneous canonical transformations of X. The action of G can be regarded as a morphism of groups Let UF(M) be the group of unitary Fourier integral operators on L*(M) and let p: UF(M) + g be the morphism of groups which, to each Fourier integral operator, associates its underlying canonical transformation. Let OPS' be the space of skew-adjoint first order pseudodifferential operators on X. OPS' is a Lie algebra with respect to the operator bracket and can, in a certain sense, be thought of as the Lie algebra of the group UF(M). For P E OPSQ let o(P) be its symbol.
THEOREM 5.1. There exists a morphism of groups, p: G -+ UF(M), and a corresponding morphism of Lie algebras, dp: 9 -+ OPS', such that (a> POP=Y.
(b) If P = dp(<) then p(exp t() = exp tP.
(c) a(P) = 4t, 4, being the &h component of the moment mapping.
This theorem is a special case of Theorem 5.9A of [3] . It was also proved independently by Alan Weinstein (unpublished). A companion theorem to it is the following. In the course of proving Theorem 5.1, the following somewhat stronger assertion is proved. Let d9 be the Casimir element in the universal enveloping algebra of 9 and let A, = dp(A8). A, is a self-adjoint second order pseudodifferential operator which commutes with p(g) for all g E G. Hence is well-defined as a distributional function on G. We will denote this distribution by x,. It is, by definition, the character of the representation. It is easy to show that it is equal to the usual Harish-Chandra character of p. (See [25] .) Using functorial properties of wave-front sets with respect to pullbacks and push-forwards (see [8] ), one obtains from Theorem 5.3 THEOREM 5.5. The wave-front set of x, is contained in the character Lagrangian, A, = P o A.
As we pointed out in Section 4, /1, is a Lagrangian submanifold of T*G, providing the composition of Z with A is clean. In the example above this is not true at all points of Z and A; however, we will show that it is true on an interesting open subset. Let us denote by Ye the set of all points, p, in y* such that the orbit through p intersects t ,* in an elementary fundamental wedge.
LEMMA 5.6. Let p = (g, y, x, x) E r with (dL,)'y E 7 . . Then g is the identity element of G and the intersection of r with A at p is clean.
Proof: If y E P' the stabilizer group of G at any point x E Q-'(y) is trivial, so this proves the first assertion. The fact that Z intersects A cleanly at p follows easily from the fact that d@, is surjective.
Q.E.D. By the Borel-Weil-Kostant theorem the elements of the unitary dual, G, are in one--one correspondence with the integral co-adjoint orbits in g*, and these in turn can be identified with the lattice points in 1:. In particular to every lattice point, p E I+*, corresponds an irreducible representation of G. Let x, be the character of this representation. It follows from standard facts about characters (see [5] ) that (5.5) the sum taken over the lattice points in t?, N,(U) being the multiplicity with which the irreducible representation indexed by ,u occurs in L'(M). To exploit (5.5) we need to review some standard facts about harmonic analysis on symmetric spaces: Consider G as a homogeneous space with respect to the action of G x G on G. The stabilizer group at the identity element is the diagonal subgroup, GA, of G x G and, as such, is isomorphic to G. Its action on G is the adjoint action, so a central function on G is just a function fixed by GA. For the following see [5] . Now let T be a Cartan subgroup of G, t its Lie algebra, f * the dual space of 1 and W the Weyl group. Let S(r *) be the ring of all functions, p, on t * for which there exists, for some integer m, an asymptotic expansion
where pmmi is a smooth homogeneous function of degree m -i on t * -0. Let S(r*)" be the subring of W-invariant elements of S(t*). Let ai E t *, i = l,..., N be the positive roots of the Lie algebra, 9, and let p = (l/2) C ui. Given a W-invariant conic open subset, U, of t * -0, let 0 be the set of all points, f, in g* -0 such that the orbit through f intersects f * in U. Let (T*G), = {(g, r) E T*G, (dL,)'y E 01. By the Weyl dimension formula, D(p) is a polynomial in ,U of degree N -r, where r = rank G. Moreover its leading term is non-zero on Int(r,*). Thus D(a) p@ + /3) admits an asymptotic expansion in ,u whose leading term is of degree k + N/2 -r and is non-zero when Jo is a regular element oft * and the symbol off does not vanish at ,u. Now appy this result to the distribution, xi, in Theorem 5.7. It is easy to see, using the functorial properties of Lagrangian distributions with respect to "clean composition" operations described in [6] , that x: is of order n -N/2 and that its symbol is non-vanishing on U, so the Fourier coefficients of xz admit an asymptotic expansion of the form (5.13). But by Proposition 5.10, the pth Fourier coefficient, a,, , of x, -xE satisfies a, = o(l~lY> for p E U, so, on U, expansion (5.13) for x1 is also valid for x,.
We will now show that, by a simple algebraic argument, one can convert the assertion, (5.13), into a considerably stronger assertion: Let Z" be the standard lattice in R", let U be a connected open conic subset of R" and let Q be a smooth function on U which has the property that ' Using the order convention of 18, Chap. 6).
for ,LI E Z* n U, Q,-i being a smooth homogeneous function of degree m -i on U-0. We will prove the following elementary fact. PROPOSITION 5.12 . Suppose that Q takes on integer values at all but Jinitely many lattice points, p E U. Then at all but finitely many lattice points Q is equal to a polynomial function of p.
Proof
For ~1 large Q,-,(u) is small when m -i < 0; therefore. since Q&) takes on integer values, these terms cannot contribute to the asymptotic expansion for ~1 large and can be dropped. Therefore we can assume Q=Cj'L, Qi* W e will next prove LEMMA 5.13. Q(p) takes on integer values at all integer points of U, and so do the functions, m!Qi, for i = l,..., m.
Proof: Fix p E Z" n U and let P(t) = Q(t,u), i.e., P(t) = q tiei( 120 (5.14)
By assumption P(t) takes on integer values at all integer points, t = k, with k greater than some k,. It is well-known that every mth order polynomial function of one variable with this property has to be of the form cci t ,eil 0 i ' where the c;s are integers and
(See (28, p. 2331.) Apply this result to (5.14).
Finally we will prove Q.E.D.
LEMMA 5.14. Let Q be a smooth homogeneous function of degree m on U which takes on integer values at all the lattice points Un Z". Then Q is a polynomial.
Let a E Un Z" and /? E Z". Then for all integers k greater than some k,, ka+PE Uand for all but finitely many lattice points, p E U.
LADDER REPRESENTATIONS
Let G be a compact semi-simple Lie group, T a Cartan subgroup of G, t its Lie algebra and t: the positive Weyl chamber in t *. We recall that the irreducible unitary representations of G are in one-one correspondence with the lattice points in t ,*. We will call a sequence of lattice points L = (ka, k = 0, l,...} a ladder, and we will call a unitary representation of G a ladder representation if all its irreducible subpresentations are indexed by the lattice points on a fixed ladder. We will prove in this section that a Fourier integral operator representation of the type described in Theorem 5.1 can, to a large extent, be decomposed into ladder representations of the same type.
We begin by recalling some standard facts about unitary representations of compact topological groups. Let G be such a group and let p: G-1 U(H) be a unitary representation of G on a separable Hilbert space H. Given CL E 6, an element, v, of H is said to "transform according to (r" if it is contained in an irreducible subspace of H, and the representation of G on this subspace is equivalent to the representation indexed by a. Let H, be the closure of the space spanned by all such v's. Then The proof we will give of this theorem is somewhat circuitous. We will begin by constructing a ladder representation in which each of the representations, ka E L, occurs exactly with multiplicity one: By (2.11) there corresponds to a E 0 a homomorphism of the stablizer group of a onto S'. Let a/a0 be the infinitesimal generator of the action of S' on B and let D be the differential operator, (l/fl)(~?/~%).
By (6.6), D is equal to k times the identity on the irreducible subspace of H*(B) corresponding to ka. Let P(k) be the dimension of this subspace. By the Weyl dimension formula, P(k) is a polynomial function of k, so the operator on H*(B) which is equal to P(k) times the identity on this subspace is a dzJerentia1 operator, viz., P(D). By Proposition 6. Now let M be a compact manifold, let X = T*M -0, let K: G x X + X be a homogeneous symplectic action of G on X, let @: X+ g* be its moment mapping and let H = L'(M). By Theorem 5.1 there corresponds to K an admissible representation, p, of G on H. Let a E I,* be a lattice point lying in an elementary fundamental wedge and let L = {ka, k = 1, 2,...}. We will show that the projection operator (6.3) is a Fourier integral projection operator of the type studied in Section 5 of [9] . As above let 0 be the coadjoint orbit through a, and let C(0) = 0 = the cone through 0. Let Z = a-'(O). By Theorem 2.1, Z is a co-isotropic submanifold of X. Moreover, if z E Z and f = Q(z) the leaf of the co-isotropic foliation through z is identical with the orbit of the group, H,, through z. Since a lies in an elementary wedge and f is conjugate to a in y* the action of H, at z is free, so the reduced space is a (non-singular) symplectic manifold. Since X is a symplectic cone, and the action of G on X is homogeneous, the moment map, @, is homogeneous by (3.4), so the reduced space x# is itself a symplectic cone. Let @#: x# + f# be the moment map associated with the action of G on x#. By (2.8) @01=@#071, (6.8) where I is the inclusion map of Z into X and 71: Z + x# the co-isotropic fibration. This identity implies that the image of Qp# is equal to C(0). By Theorem 4.5, the fiber product z x, z = {(z,, q), +,) = +*)} is a closed Lagrangian relation in Z X Z and is related to the character Lagragian, AL, by the identity zx,z=r'o/l,, (6.9) where Tc T*G x X x X is the moment Lagrangian. By (6. 3)
The Schwartz kernel of the operator on the right can be viewed functorially as a "pull-back" composed with a "push-forward," namely, as
where K is as in Theorem 5.3, fr. q K is the exterior tensor product of the distributions, & and K, regarded as a distribution on G x G x X x X, and A, is the diagonal map, G X XX X-+ G x G x XX X. By Theorem 5.3, K is a Lagrangian distribution associated with r and, by Theorem 6.3, xL is a Lagrangian distribution associated with A,. Moreover, it is easy to check that the composition of r' and A, in formula (6.9) is clean, so by the theorem cited above on functorial properties of Lagrangian distributions with respect to clean composition operations, we have proved THEOREM 6.7. nL is a Fourier integral operator associated with the canonical relation (6.9).
From the "clean composition" theorem of 16, Sect. 41 one can easily compute the symbol of rcL: For each x E x# let Fx be the fiber of rc: Z + X# lying above x, and let L'(F,) be the space of L2 half-densities on F,. In Section 5 of [9] we show that the symbol of every Fourier integral operator associated with the canonical relation (6.9) is an object of the following sort: It is a function, o, on x# which to every point x E x# assigns a smoothing operator 0,: L*(F,) + L*(F,). In our case F, can be identified with H,, where f = Q"(x). Let a, be orthogonal projection of L'(H,) onto the onedimensional subspace of invariant half-densities. Let 2 be the ring of all Fourier integral operators associated with the canonical relation (6:9). In the terminology of [9, Sect. 51, we have proved COROLLARY 6.9. lI, is an elliptic idempotent in ~2 of symbolic rank one. Now let H, be the subspace of H spanned by those vectors which transform according to ka, and let HL be the Hilbert space direct sum HL= f H,. 
Proof
Let a/a0 be the infinitesimal generator of the circle group and let D = (l/G) d~L(a/l?O); i.e., D = kl on H,. Let A9 be the Cassimir element in the universal enveloping algebra of 2, and let A = dp(A,). On H, A is an elliptic pseudodifferential operator of order 2 with symbol o(A) = (@, CD). Combining (6.14) with Seeley's Theorem, [23] , on fractional powers of elliptic operators, we obtain PROPOSITION 6.12. D is the restriction to HL of a first order elliptic pseudodlflerential operator, D,, on H, Since the representation, r,, is defined by r,(eie) = (exp it9D,) II,, (6.15) this proves Theorem 6.11. In 19, Sect. 51 we call the ring of operators pn, 3 (6.16) where P is a pseudodifferential operator reducing HL, the ring of pseudodif-580/47/3 7 ferential operators on HL. We show that if P reduces HL, then there exists a function p on X? such that u(P) 0 2 =p 0 71, (6.17)
I and 71 being as in (6.8) . We call this function the symbol of operator (6.16). By (6.12) the symbol of D, is 1) @)I, so, by comparing (6.8) and (6.17) we get THEOREM 6.13. D is a pseudodlflerential operator on HL and its symbol is 11 @#II. Proposition 2.3 says that the bicharacteristic flow associated with the symbol of D is period of period 2n. This, of course, has to be the case since the one parameter group of operators, (6.15) , is period of period 271.
THE MULTIPLICITY FORMULA
We will now prove Theorem 5.15. Let V be a conic subset of f ,* -0 which is properly contained in an elementary fundamental wedge. For each lattice point, a E V, let N(a) be the multiplicity with which the irreducible representation of G indexed by a occurs in p. Let 0, be the co-adjoint orbit through a, let X, be the Marsden-Weinstein reduction of X with respect to 0, and let R(a) be the Riemann-Roth number of X,. We want to show that R(a) = N(a) (7.1) for all but finitely many a E V. In Section 5 we have proved that for all but finitely many lattice points, a E V, N(a) is a polynomial function in a of degree m, where m = dim X -rank G, and that its homogeneous term of degree m is nowhere zero on V. J. J. Duistermaat and Gerrit Heckman have recently proved that a similar assertion is true for R(a): PROPOSITION 7.1. R(a) is a polynomial function of degree m on V and its leading homogeneous term is nowhere vanishing.
Proof: See [7] . 4 We will now show that these polynomials are equal along rays except for a resealing which may depend on the ray. For each lattice point, a E V, let D(a) be the dimension of the irreducible representation of G indexed by a. By the Weyl dimension formula D(a) is a polynomial function of a of degree equal to dim G -rank G. Moreover since V is properly contained in the theorem the Riemann-Roth number of 0, is the dimension of the irreducible representation of G indexed by ka, so the Riemann-Roth number of (7.6) is RD(ka). On the other hand the multiplicity with which representation (7.5) occurs in HL is by (6.18) equal to the multiplicity with which the representation of G indexed by (k-k,) a occurs in HL times dim((k -k,) a); i.e., ND((k -k,) a). Thus these two quantities are equal for all but finitely many k.
We will now prove that RD = ND (and hence R = N) at all but a finite number of lattice points in V. Let P and Q be polynomials on V and C a constant greater than zero such that P(a) = RD(a) and Q(a) = ND(a) for all lattice points, ] aI > C. We can also choose C so large that for all points u~Vwith]v]>CandalltER, P(tv)=Q(O)*jtl < 1.
( 7.7) (This is because the leading homogeneous term of P is nowhere vanishing on V.) If a E V is a lattice point, then, by Lemma 7.2, there exists an integer, k,, depending on a such that +a) = Q((k -kJ a)
for all but finitely many positive integers, k. Since P(ta) and Q((f -k,) a) are polynomial functions of t, this implies that P@> = Q(<t -kd a> identically in t; in particular P(ka) = Q(0). Hence if ]a] > C, k, = 0 by (7.7) and P(a) = Q(a). Thus P and Q are identical.
CONCLUDING REMARKS

